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1 Introduction 



1.1 Motivations 



This paper is a survey of recent works [U |2l E] on the non-formal deformation quantization 
of abelian supergroups and its applications in theoretical physics. These works are set in the 
perspective of the construction of a noncommutative supergeometry, namely a noncommutative 
geometry [3j for graded spaces (see [o] for an algebraic approach of this construction). The 
objects studied here are deformation quantization [U[7] of abelian supergroups, consisting in the 
data of a noncommutative product on the algebra of smooth functions C°°(M) and depending 
on a deformation parameter. For more about formal deformations of groups see [U |9], and 
|10| [TTj [12] in the non-formal case. 

The paper is organized as follows. After having recalled the necessary supergeometrical 
framework (subsection 1.2), we briefly review the different mathematical domains where the 



works [TJ [2] can be applied for the noncommutative supergeometry. 

• In harmonic analysis with the construction of a unitary induced representation of the 



Heisenberg supergroup and a pseudodifferential calculus (subsections 2.1 and 2.2). 



In deformation quantization with t he co nstruction of a non-formal star-product on the 
abelian supergroup M m ' ri (subsection 2.3) as well as a universal deformation formula (sub- 



section 3.1 ) 



In topological Hopf algebras with the reformulation of the above deformation as a contin- 



uous twist on Frechet comodule- algebras (subsection 3.2). 



In operator algebras with the definition of Hilbert superspaces and C*-superalgebras, which 



are appropriate notions for this setting of deformation of supergroups (subsections 3.3 and 



3.4). 



In supergeometry where the previous constructions can be used to deform other super- 



manifolds (subsection 4.1). 



In theoretical physics where a renormalizable noncommutative quantum field theory (QFT) 



is interpreted by using a deformation of a superspace (subsection 4.2) 



1.2 Setting 

We will work essentially in the concrete setting of supergeometry developed by DeWitt, Rogers, 
Tuynman,... \1'6\ [T4"l [T5] , Let A = /\ V, where V is an real infinite-dimensional vector space, it 
is a Z2-graded commutative algebra: A = Aq © A\ satisfying: 

\fa,beA : ab= (-l) |a||6| 6a, 



where \a\ £ 7L<i denotes the degree of the homogeneous element a. Then, we define the superspace 
of dimension m\n to be M m l n = (Ao) m x (Ai) n . A smooth function on such a superspace 
/ G C°°(]R m l n ) can be decomposed as 

I 

for x G M m , £ G M°l n (anticommuting coordinates), ^ := Yl^jCi an d where / is summed over 
the (ordered) subsets of {1, ... , n} and where // G C°°(R m ). We also denote by B : M m|n -> R m 
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the body map. For more details, in particular about the construction of super manifolds, see e.g. 

USES]. 

In the following, we will consider complex- valued superfunctions. Let Ac = -4<8>C. One can 
then define a complex conjugation as 



Va € A, VA € C : a <g> A := a ® A, 

so that the property ab = (— l)l a H fc lfe, Va, b £ Ac stands. By using the decomposition (1.1), the 
Lebesgue-Berezin integral is well-defined on M m l n : 

/ dzf(z) = / dx/ t i ) .„ >ft }(sc), 

as well as the Hodge operation [TJ: 

(*/)(x ) o = E e ( / ' C/ )^(^ G7 ' ( L2 ) 

where e(J, J) is the signature of the permutation needed to order the set I U J, and Cl is the 
complementary subset of I in {1, . . . , re}. Two scalar products have then been constructed on 
the complex superfunctions C°°(IR m ' ra ): 

(f,g) = J dxd£7fa0g(x,Z) = J>(I,Cl) | dx/Kx) 9C/ (x) , 

(/,<?) = y dxd£/(x70(*a)(s,£) = E/ dxMxj gi (x). (1.3) 

The first one is superhermitian whereas the second one is hermitian positive definite. The 
completion of C°°(IR m ' n ) under the second scalar product is denoted by L 2 (M. m \ n ). 

We also recall the definition of the Heisenberg supergroup G. As a supermanifold, it is 
isomorphic to M m ' n x IR 1 ' , where m is an even number. Let u be the even symplectic structure 

on M m l n c G associated to the square matrix of size m + n in the homogeneous 

canonical basis, with uq = ( ^ ^ of size m. The smooth group law of G is then given by 

V(x, 6), (l/, »/) G K m|n , Va, 6 G M 1 ' : (x, a)-(y, r,, b) = (x + y, £ + r,, a + b + ~u (x, y) + £r?). 

G is a non-abelian supergroup of dimension m + l|n, with neutral element (0, 0, 0), and inverse 
(x,£,a) _1 = (-£,-£, -a). 



2 Construction of the deformation quantization 

2.1 Unitary induced representation 

To construct a unitary induced representation of the Heisenberg supergroup G, we use the 
Kirillov's orbits method [16] . We choose a real polarization associated to a coadjoint orbit of 
G. The corresponding normal supergroup can be written as B = W x K, where W ~ RtI° is a 
maximal isotropic subspace of M m ' n C G and X = M 1 ' . The associated character % : B — V Ac 
can be expressed ad x( w > a ) = e ^ a with a real non-zero parameter of the orbit. If Q ~ R"2"l n 
is the dual of W for the symplectic form uj, we have the decomposition 

G~QxB. (2.1) 
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We consider now the left regular action g G G i— )■ I j *_ 1 ip of G on £?-equivariant superfunctions 
g C' 00 (G)' B , that are smooth superfunctions satisfying 

VflGG, : £( 5 -6) = X^" 1 )^). 

Because of (2.1), we have the isomorphism C°°(G) B ~ C°°(Q). 



Proposition 2.1 (Induced representation) The reexpression of the left regular action on 
C°°(Q) gives a representation U : G —?■ C A (V(Q)®A) defined byV<p G G°°(Q), V(x, f , w, a) G G, 

I7(x, £, w, a)ip(x , Co) = e^ a+1 2^ x - 2x ^ w ) + ^ v ( X Q - x, & - 0. 

where P(Q) is the space of smooth superfunctions with compact support on Q, and C A is the 
space of A-linear endomorphisms. U is the representation of G induced from (B,x), which 
generalizes the Schrddinger representation to the graded setting. 

Note that there are several possible choices for the scalar product on C°°(Q). It turns 
out that the representation we have built is unitary for the superhermitian scalar product of 



Equation (1.3) 



V9GG : (U(jg)tp,U(9)il>) = M), 

which seems to be natural in this framework (see [17] for another choice). This choice of scalar 
product is indeed determinant of the harmonic analysis we can construct on the Heisenberg 
supergroup. 

2.2 Quantization map 

Using this unitary induced representation U, we will construct now a quantization map f2. Let 
us introduce the map £ G C A (V(Q) ® A) given by 

V(x ,£o) G Q : (Xv9)(x ,£o) =7/^1 e-^V(-*o,£i), 
where a is another real parameter of the deformation (different from —1 and 0), and 7 = 

n(n + l) 

m 2 ^ . By setting r = — 7, we see that S is almost-involutive and almost- 

(7r0)TT(i+a)" (7t0)tt (i+ a )« 

unitary 

S 2 = rl, S f = r£. (2.2) 
The quantization map f2 : G — » £^(P(Q) ® ^4) defined by 

V<? G G : u(g) = U^U^ 1 ), 

is constant on the left classes of G by K, and is well-defined on the quotient G/K = Q x W ~ 
M m l n . Attention, M m l™ is an abelian supergroup but O is not a group homomorphism. 
We define the quantization map on superfunctions by 



V/ G L 1 ^™!™) : n(f) = [ dz f(z)n{z). 

JR m \ n 
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Its explicit expression is given by 



(£l(f)<p)(x ,€o) = 'y dxd£dwf(x,£,w) 
Jm 



dft e t(2^o(x-x ,«;)+«o-<iCo-(«+i)«i) (/9 (2 x - x , e + Si). (2-3) 

Moreover, this map can be continuously extended to f2 : L 1 (M m l n ) — > C(L 2 (Q)), where C means 
the bounded operators or continuous linear maps. It is an extension of the Weyl quantization 
to the graded setting. 

We want to enlarge the quantization map to the space B(R m \ n ) of smooth superfunctions 



whose every derivative are bounded. The expression (2.3) is meaningless for non-integrable 
functions /, so that we consider the notion of oscillating integral as follows. Let us introduce 
the operator O: 

(Q-f)(x,£,w) = (1 - Ar xw \)(-— — _— Kf(x,£,w) 

y ' \ 1 + x z + W A 

for a smooth superfunction / with compact support and where A( x ,w) denotes the Laplacian 
with respect to the variables (x,w). With an integration by parts, we obtain 



dxd^dw e iuJo{x > w) f{x,£,w) = J dxd^dw e kj °( x < w \O k -f){x,£,w), (2.4) 

for any fc£N. Moreover, one can also prove that there exist functions b a £ B(R m ) such that 

(O k -f)(x,d,w)= - * V b a (x,w)D<*f(x,£,w). (2.5) 

(1 + x z + w z ) K * — ' 

v ' a&i m ,\a\<2k 

Consequently, there exists a number k such that (O k -f) G L 1 (W m ^ n ) for any / £ B(W m \ n ). In 



the following, we mean by oscillating integral of / the RHS member of (2.4). 



Proposition 2.2 (Quantization map) The quantization map can now be extended into the 
continuous map 

n-.B(R mln )^C(L 2 (Q)), 



where the expression (2.3) is understood as an oscillating integral. 



If / is in a symbol space, Equation (2.3) provides that £!(/) is a pseudodifferential operator on 
Q. In a more general way, a symbol calculus ,B^(IR m ' n ) has been introduced in which defines 
via a pseudodifferential calculus. 

2.3 Star-product 

In this subsection, we express the (non-formal) star-product on M m l n corresponding to the 
composition of operators via this quantization map fi. It is defined by the following formula: 

for (x,£,w) 6 M m|r \ 



(fi*f2)(x,£,w) = K J dx 1 d£ 1 dwxdx2d£ 2 dw2 fi(x 1 ,£ 1 ,wi)f 2 (x2,&, 



U! 2 ) 

2 



e ^(u) (x 2 -x,w 1 )+uj (x-x 1 ,w 2 )+u) (x 1 -X2,w)) e -i (1 ~l^ ) (ggi+gi6+60 ? (2.6) 

n(n+l) 

where k = ^|J)i| 1+ a)2 n a > and 9, a are the parameters of the deformation. 
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Theorem 2.3 (Star-product) It turns the space B(W m ^ n ) into an associative (but noncom- 
mutative) algebra and satisfies: 

v/i./aeflOH") : n(/i*/ 2 ) = n(/i)n(/ 2 ), ~h^h = (-i) l/l|l/2| 72*7T- 

It can also be shown that the tracial property holds. For /i, / 2 G L 2 (M m l n ), /i*/2 is well-defined, 
belongs to L 1 (M m l n ) and satisfies: 

dz(h*f 2 )(z) = j dzf^Mz). 

The algebra ^(M m l n ) endowed with this deformed product is then isomorphic to the tensor 
product of the Moyal algebra with the Clifford algebra Cl(n, C). 

/w \ 

Let us consider a rescaling of the symplectic form u: uj = n+a"> 2 • Then, the 



commutative limit can be computed: for /i,/^ G B(l 



1 — 7(1 -I- A-'l"' 2-2 ' 1 

/i*/a|9=o = /1/2, ^(/i*/ 2 -(-l) l/l|l/2| / 2 */i)| e =o = 1 Q " j (-l)^u-^hd u f 2 , 

where fi,v € {1, . . . , m+n} and \p,\ G Z 2 denotes the degree of the coordinate Zn- This means that 
the star-product (2.6) is a deformation quantization of the symplectic supermanifold (IR m l ra , £j~ 1 ) 



in the direction of its standard Poisson bracket. 

The internal symmetries of a star-product are the diffeomorphisms 4> which let the star- 
product invariant: 4>*(f\ * / 2 ) = 0*/i) * {4>*h)- 

Proposition 2.4 (Symmetries) The internal symmetry group of the star-product ( |2.6| ) is the 

semidirect product of the orthosymplectic group of (M m l n , with the translations: OSP(n, y) K 

3 Universal deformation formula 

3.1 UDF for Freeh et algebras 

In this subsection, we study how the star-product we have constructed above can also deform 
the associative structure of any Frechet algebra on which the abelian supergroup M m ' n acts. Let 
p be an action of IR m l n on a Frechet algebra (A, 



om\n 



x (A® A) ->• (A® A), 



We assume that p satisfies the axioms 

• p = id; Vzi,zz G M m|n , p zi +z 2 = P Zl Pz 2 - 

• Vz G M m l", ft :(A®i)^(A® .4) is an 4-linear automorphism of algebras. 

• If we write z = (y,£) G M m ' n , then the action can be expanded as: p( y> ^(a) = Y2i P2/( a )/£ J \ 
and Va G A, VI, y h-> p y (a)i is A- valued and continuous. 

• There exists a constant C > such that 

Vo G A, VI, Vj, 3k, Vy G BM, |pj,(a)/|j < C\a\ k . 
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The expression (2.6) defines also (by taking the product of /i and / 2 in A) a star-product on 
the Frechet space i3A(K m ' n ) of A-valued smooth superfunctions with every derivative bounded, 
endowed with the seminorms \ f\j, a = sup a . gK m{^ J - \D a fj(x)\j}. 

If we denote by A 00 the smooth vectors [18] , i.e. the dense subset of elements a of A such 
that the map p a : z i— )■ p z (a) is smooth on M m l n , then it can be shown that 

Va G A°° : p a G £ A (IR m l n ) (3.1) 

Theorem 3.1 (Universal Deformation Formula) Consequently, the expression a * p b := 
(p a * p b ){0) for smooth vectors a, b G A°° is well-defined. Endowed with the seminorms \a\j, a '■= 
\p a \j, a , (A°°,*p) is a Frechet algebra. 

We have indeed constructed a deformation of the associative A, or more precisely of a dense 
subalgebra A°°, by using the star-product (2.6) and the action p of M m l n on A. The examples 



of such deformations are numerous. We will see some of them closely related to supergeometry 
in subsection 14.11 



3.2 Twist on comodule-algebras 

Let us denote the Frechet algebra H := (i3(M m ' n ), |-|«). We show in this subsection (see [2j for 
the proofs) that H has a structure of Frechet-Hopf algebra and that the universal deformation 
formula can be reformulated into a continuous twist on the comodule-algebras of H. 

First, we recall the definition of two topological tensor products. Let (A, and (B, \-\k) 
be two arbitrary Frechet algebras. The projective tensor product [19J Acg^B is the completion 
of the algebraic tensor product A®B for the family of seminorms: VcG A®B, 

7tj,fe(c) = inf{| ^2 WjNfc) c = (g) 

i i 

where the infimum is taken over all decompositions c = Yli a i ® The topological tensor 
product of (A, with H, denoted by A<g) r iT, is defined as the completion of the algebraic 
tensor product for the family of seminorms of ^A(^ m ' n ) : 

Tj,M) = \fk* = SUP {V |^//(X)|,}. 

xeR m j 

One can show that H® T H ~ B(R m \ n x M. m \ n ), and by definition, A® T H ~ B A (K m|?1 )- Since H 
is not nuclear, r is not equivalent to tt in general. However, they are compatible in the following 
sense: the exchange map 

cr 23 : (Ag r F)§ 7r (A§ T F) (A® n A)® T (H® T H), 
defined by (T2^{a\ <8) f\ ® ai <8> / 2 ) = ai <8> a 2 <8> /i (X 1 / 2) is continuous, for any Frechet algebra A. 



This is essential for Proposition 3.2 



The structure of Hopf algebra we expose here is natural for an algebra of functions on a 
supergroup. 

• the product p : H® T H -> H by p(h <g> / 2 )(z) = f l (z)f 2 {z), 

• the unit 11 : C -> il by 11(A) (z) = A, 

• the coproduct A : — > H® T H by Af(z±, z?) = f{z\ + z 2 ), 

• the counit e : H -»■ C by e(/) = /(0), 
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• the antipode S : H — > H by Sf(z) = f(—z), 

where ft e H, Zi<E IfH™, A £ C. These maps have been shown to be continuous for the Frechet 
topologies introduced above, which means that H is a graded commutative Frechet-Hopf algebra. 
See [20] for structures of topological Hopf algebras associated to Lie groups. 

Let A be a Frechet algebra on which there exists an action p of M m ' n satisfying the axioms 



of subsection 3.1 We denote by po ■ A® n A — > A the (undeformed) product of A, which 
is continuous. We can associate to the universal deformation of Theorem |3.1| a twist F G 
£(A 00 g 7r A 00 ): 



F = k [ d Zl dz 2 e -T°(«.») 



which is a continuous endomorphism and such that Va, b G A°°, u. F(a (g) 6) = a-k p b. The map 
Hf '■= PoF '■ A^C^ttA 00 — > A°° is the deformed product on the smooth vectors A°°. 

Proposition 3.2 (Comodule-algebras) The set (A°° , /iq) is a Frechet comodule-algebra on 
H, with continuous coaction x ■ A°° — > A°°§) T H given by 

Va G A°°, Vz G M m|n : x(a)(z) := p z (a). 

The deformed algebra (A°°,*p) corresponds then to twisting by F this H -comodule-algebra. 
Moreover, (A°°, pp) is also a Frechet comodule-algebra on H. 

The fact that (A°°,pf) be still a comodule-algebra on H after deformation is not automatic. 
The reason is that the supergroup M m ' n is abelian, and it means that the external symmetries 
of the deformation are classical and coincide with the graded commutative Hopf algebra H . 

3.3 Operator superalgebras 

For usual geometry, the structures of Hilbert space and C*-algebra are adapted to describe 
functional spaces like L 2 (M), and C(M) or L°°(M), for a compact manifold M. In the case 
of supergeometry, we have to introduce the notions of Hilbert superspace and C*-superalgebra 
PQ. We will also see that the structure of C*-algebra is adapted to the universal deformation 



formula of subsection 3.1 while the one of C*-algebra is not 



Definition 3.3 (Hilbert superspace) Let T~L = %o©%i be a complex Z2-graded vector space 
endowed with a scalar product (•, •) turning it into a Hilbert space satisfying = 0. 

J) is called a Hilbert superspace of parity n G Z2 if J G C{T~i) is a homogeneous unitary 
operator of degree n such that 

Vxen : J 2 (x) = (-l) (n+1) ^x ♦ 

The operator J permits to define another (but superhermitian) scalar product: 

\/x,y£H : {x,y) = (J(x),y). 

The direct sum of two Hilbert superspaces of parity n is a Hilbert superspace of parity n while 
the tensor product of two Hilbert superspaces of parity n\ and n 2 is a Hilbert superspace of 
parity n\ + n 2 . Note that there exists different notions of Hilbert superspaces (see [21] for 
example). This one is closely related to Krein spaces 



S 



Proposition 3.4 The space C(H) of bounded operators on a Hilbert superspace (H, J) is a 
1^2-graded C*-algebra (for the usual adjoint), endowed with the superinvolution^ defined by 

Vx,yeH : (T^x),y) = (-l)\ T ^(x,T(y)) (3.2) 

and called the superadjoint. 

Note that the superadjoint is different from the usual adjoint T* (with respect to the scalar 
product (.,-)): T\x) = (_l)(rH-l)(|T|+[x|)+[T[|*| JT * j( x y 

Definition 3.5 (C*-superalgebra) A C*-superalgebra A is a complete ^-graded subalgebra 
of £(%), for a certain Hilbert superspace H, closed for the superinvolution (|3.2[). ♦ 



A C*-superalgebra is not necessarily closed under the (usual) involution of C(7i), and therefore 
is not a C*-algebra in general. These structures are useful in supergeometry: if % = L 2 (IR m ' n ) 



and J = * is the Hodge operator (1.2), then (T~L, J) is a Hilbert superspace of parity n mod 2, 



and L°°(M m l n ), endowed with the norm ||/|| = ^ 7 1 1// 1 loo, is a C*-superalgebra. 
3.4 UDF for C*-superalgebras 



Let us see in this subsection how the UDF (Theorem 3.1) can be applied in the context of C*- 
super algebras. We denote by A a C*-superalgebra contained in £(1-1) for a Hilbert superspace 
T~L, and we consider an action p : ]R m l™ x (A ® A) — > (A (g) A) satisfying the axioms of the 



beginning of subsection 3.1 and the additional ones: 

VaeA : (p a )t = p^\ \p a \ 



The expression (2.3) of the quantization map U can be directly extended to A- valued functions 



of B A (R m ^) and Proposition 2.2 insures its continuity: 

n : B A (M. m \ n ) ^C(L 2 {Q)®U), 



since £(L 2 (Q))®A C C(L\Q) <g> H). Using Equation fl3l| ), we define 3 : A°° — )■ C{L 2 (Q)®rL) 
by 3(a) = Q(p a ), for a e A c 



. oo 



Theorem 3.6 (UDF for C*-superalgebras) The map 3 : (A 00 ,^) ->■ C(L 2 (Q) ®U) is an 
infective algebra-morphism of degree compatible with superinvolutions. We then dehne the 
norm ||a|| := ||3(a)|| on A°° and A p its completion for this norm. 



(Ap,-k p ,\ \\'\\ ) is a C*-superalgebra, the deformation of A. 



4 Applications 

4.1 To supergeometry 



We now apply Theorem 3.6 on supergeometrical examples. More precisely, we can deform 
compact trivial supermanifolds on which the supergroup IR m ' n acts. Note that a supermanifold 
X is said to be trivial if there exists a global odd coordinates system {S, 1 } on X, which means that 



Berezin integration, Hodge operation and the space L 2 (X) (see subsection 1.2) are well-defined 
for X. 



H.e. an antilinear map on C(H) of degree satisfying (T 1 ^ = T and (ST)* = (-l) |s||T| T t 5 t . 
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Let X = X Q x M ' 9 be a compact trivial supermanifold of dimension p\q (i.e. X a is a 
supermanifold of dimension p\0 whose body MX Q = MX is compact). We also consider a smooth 
action r : M m l n x X — > X of the abelian supergroup M m l n on X. By denoting elements of X as 
u = (v,rj), with v <E X Q and 77 G M ' 9 , and elements of M m l n as z = (y,£), with y G M m l° and 
£ G ]R°l n , we can decompose r z (it) G X G x IR ' 9 with respect to powers of the odd coordinates as 
follows: 

Vz = (y, G M = M m l™ : r z u = ((r^^V, ( ¥ )}/V) , 

with (T y v) l jj smooth functions on M m xlBX, such that (T y v)®j and (t^u)^ take values respectively 
in MX and in M 9 . Inspection of degrees gives that {Tyv)\j = for i = 1 + \I\ + |J|. 

In the following, we also assume the additional technical conditions that V(7, J) 7^ (0, 0) we 
have (tj,u)jj = 0, and that every component (t^)]^ (A; G {1, ...,g}) of (r^f)^ is uniformly 
bounded in y. 

Proposition 4.1 (Deformation of supermanifolds) Let the space C(X) be the completion 
of C°°(X) for the norm \\f\\ = J2i I \fi I loo- A- = C(X) is a C*-superalgebra. We define the 
natural action of M m ' n on A by: 

V/GC(X) , VzGM m l™ , VnG X : p z (f)(u) = f(r^ z u). 



Then the axioms for p of the beginning of subsections 3.1 and \3.4\ are satisfied, C°°(X) C 
A°°, and Theorem 3.6 applies. It yields a deformation (C*-superalgebra) (A p ,* p , ||-|L) of the 
supermanifold X . 

4.2 To QFT 

We now apply the above construction to provide an interpretation of a certain renormalizable 
quantum field theory (QFT) on the Moyal space (see [231 G3| for a review), which is the defor- 
mation quantization of M m . This has been done in [31 [1]. 

The usual cp 4 real scalar field theory on the Euclidean Moyal space M™, with parameters v 
and A, 

d m x (- (d^f + v -<t? + \<p * 4> * 4> * 0) 

suffers from the Ultraviolet-Infrared mixing [25], a new type of divergence generic to noncom- 
mutative spaces [26] which spoils its renormalizability, a very important property of QFT. Note 
also that the action can be reformulated by using d^cf) = [—^x^, (/)]* where x = ^ujo(x, ■). This 
problem of UV-IR mixing has been solved by the addition of a harmonic term in the action: 

S(0) = J d m x(^[-^,^ + ^V + y0 2 + A0*0*0*0), (4.1) 

where O is a non-zero parameter. The resulting theory is renormalizable to all orders [27] for 
m = 2,4, and possesses new interesting properties [2H1 ESI EQl EH [32]. Note that there exists 
now another renormalizable real scalar theory on the Moyal space \3'S\ 134] . A gauge theory 



associated to (4.1) has been constructed in [351 [36]. It exhibits similar features [371 [38] an d is a 
candidate to renormalizability. See [391 HO] for the study of the BRST symmetry. 

We want to give an interpretation to the harmonic term in (4.1). Let us consider £>(M m ' 1 ) 



endowed with the star-product (2.6). We denote by [—,—]* the graded star-bracket of super- 
functions^] and by Tr the trace Tr(/) = J d m x f(x,0) where f{x,£) is a superfunction on IR 7 "! 1 . 



do not confuse with the Moyal bracket, it is the same notation. 
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Let <f> be as above a function on M. m and b E K. Then, (x, £) i— )■ (1 + b£)(j)(x) is a superfunction 
on M" 1 ! 1 and the standard <^> 4 action for this field: 



Tr 



v 



i + bOxa, (i + bo<pr + ^i(i + &e)0r + ak(i + bo& * ((i + bcm- 



coincides exactly with (4.1 ) for SI 



tdb 2 



(l+a) 



2 

2 and A 



A(l+S7 2 ). It shows that the noncommutative 



supergeometry of the deformation of I™' 1 is likely to be related to the renormalizability of the 
noncommutative scalar field theory (4.1). This interpretation could be useful to obtain other 
renormalizable noncommutative quantum field theories. 



Acknowledgements: The author thanks the organizers of the EU-NCG 4th Annual Meet- 
ing (Bucharest, April 2011). 
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